In this paper we construct a string-like classical solution, the pion-string, in the linear sigma model.
important role in both particle physics and cosmology. Thus it is of crucial importance to know if strings can exist in realistic models of strong and electroweak interactions. Recently, in an inspiring paper, Vachaspati [1] showed that string-like structures exist in the standard model of electroweak theory. In this paper, we will consider strings in models with spontaneously broken chiral symmetry of QCD. First of all, we explicitly construct a classical solution, the pion string, in the linear sigma model, and then argue for the existence of an eta string at high tempratures.
In recent years, the SU L (2) × SU R (2) ∼ O(4) linear sigma-model has been often used as a model of hadron dynamics for chiral symmetry breaking in QCD, in particular in studies of the physics associated with the chiral phase transition [2] and of the disoriented chiral condensates [3] in heavy ion collisions. The lagrangian density of this model is
In this paper, for simplicity, we consider the chiral limit, H = 0. In our discussion of the pion string it proves convenient to define the new fields
The linear sigma model in eq.(1) now can be rewritten as
During chiral symmetry breaking, the field φ takes on a nonvanishing vacuum expectation value, which breaks SU L (2) × SU R (2) down to SU L+R (2). This results in a massive sigma and three massless Goldstone bosons. In addition, we will demonstrate below that there is a static unstable string-like solution, the pion-string.
For static configurations in eq.(4), the energy functional is given by
The time independent equations of motion are:
where the coordinates r and θ are polar coordinates in the x − y plane, and the integer n is the winding number. In the following discusion, we will restrict ourselves to n = 1.
Substituting (8) into (6), we obtain the equation of motion for ρ(r),
The boundary conditions for ρ(r) are
In principle, ρ(r) can be determined numerically by solving Eq.(10) with boundary conditions in (11) and (12). But it is simpler to adopt a variational approach. Following the method of Hill, Hodges and Turner [5] , we make an ansatz of the following form:
where µ is a variational parameter.
Adopting expression (13) as a variational ansatz, it follows that the energy per unit length of the string is
where
is logarithmically divergent, as expected in a theory with global symmetry breaking. Thus, we introduce a large-scale cutoff R. However, the R dependence will disappear upon varying with respect to µ:
The solution for µ is obtained by varying the energy functional of the pion-string in (14) with respect to µ:
Substituting (16) into (14), the mass of the pion-string per unit length is
The pion-string is not topologically stable, since any field configuration can be continuously deformed to the vacuum. To study the stability of the pion-string, we consider infinitesimal perturbations of the field π ± and check if the variation in the energy is positive or negative.
Discarding terms of cubic and higher orders in π ± , we find
Following Ref. [4] , we consider an expansion of the π ± fields in Fourier modes,
Inserting the expressions for the m-th mode of π ± in eq.(19) gives
where the first term (the kinetic energy part) and the second term are always positive, but the third term, the potential energy, is negative. Notice that the second term gives the smallest contribution to the positive energy in δE for m = 0, so we will focus on m = 0.
Defining ξ = f π r, χ = f π R, and setting m = 0, δE becomes:
After an algebraic computation we can rewrite δE in the form
The question of stability of the pion-string reduces to checking if the eigenvalues of the operatorÔ in its spectrum are negative, subject to the eigenfunction R satisfying the boundary conditions R(ξ → 0) → constant, and R(ξ → ∞) → 0.
To simplify the analysis, we take a variational approach, making use of an ansatz of the form [5] ,
where σ 0 , κ, κ 1 , κ 2 are dimensionless variational parameters. This ansatz has the correct short-distance limit and κ −1 represents the size of the π ± condensate on the pion-string.
By inserting (25) into (23) it is obvious that the negative term wins out if λ ≥ 1. This implies that the pion-string is unstable in the parameter space allowed experimentally ( λ ∼ 10 − 20 [2] ). It can be shown by numerical analysis that δE is positive only for very small values of λ (λ ≤ 10 −8 ), and hence the pion-string is only stable for these values.
In the early universe and in heavy-ion collisions, pion strings are expected to be produced Before concluding, let us speculate about the existence of an unstable η string. In QCD, in the limit of massless quarks, there is an additional U A (1) chiral symmetry. This chiral symmetry, when broken by the quark condensate, predicts the existence of a goldstone boson.
There is no such a light meson, however. This is resolved by the Adler-Bell-Jackiw U A (1)
anomaly together with the properties of non-trival vacuum structure of non-abelian gauge theory, in particular QCD. The U A (1) symmetry is badly broken by instanton effects at zero temperature.
As the density of matter and/or the temperature increases, it is expected that the instanton effects will rapidly disappear [6] , and one thus has an additional U A (1) symmetry (besides SU L (2) × SU R (2)) at the transition temperature of the QCD chiral symmetry. When the U A (1) symmetry is broken spontaneously by the quark condensate, a topological string, the η-string, results. Differing from the pion-string, the η-string is topologically stable at high temperatures, but will decay as the temperature decreases. The η-string can form during the chiral phase transition of QCD. In the setting of cosmology, it will exist during a specific epoch below the QCD chiral symmetry breaking temperature during the evolution of the universe. In the context of heavy-ion collisions, it will exist in the plasma created by the collision during a period shortly after the cooling of the interaction region below the symmetry breaking scale. The strings then become unstable as the temperature decreases and when the instanton effects become substantial.
